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We explore observational constraints on a cosmological brane-world scenario in which the bulk
is not empty. Rather, exchange of mass-energy between the bulk and the bane is allowed. The
evolution of matter fields to an observer on the brane is then modified due to new terms in the
energy momentum tensor describing this exchange. We investigate the constraints from various
cosmological observations on the flow of matter from the bulk into the brane. Interestingly, we show
that it is possible to have a Λ = 0 cosmology to an observer in the brane which satisfies standard
cosmological constraints including the CMB temperature fluctuations, Type Ia supernovae at high
redshift, and the matter power spectrum. This model even accounts for the observed suppression of
the CMB power spectrum at low multipoles. In this cosmology, the observed cosmic acceleration is
attributable to the flow of matter from the bulk to the brane. A peculiar aspect of this cosmology
is that the present dark-matter content of the universe may be significantly larger than that of a
ΛCDM cosmology. Its influence, however, is offset by the dark-radiation term. Possible additional
observational tests of this new cosmological paradigm are suggested.
PACS numbers: 98.80.Cq, 98.65.Dx, 98.70.Vc
I. INTRODUCTION
A puzzling question in modern cosmology has been the
nature and origin of the dark energy responsible for the
apparent acceleration [1] of the universe in the present
epoch. The simplest explanation is, perhaps, that of a
cosmological constant, or a vacuum energy in the form
of a ”quintessence” scalar field slowly evolving along an
effective potential. The existence of a cosmological con-
stant or quintessence, however, leads inevitably to the
well known fine tuning problem as to why the present
dark energy is so small compared to the natural scales of
high-energy physics. There is also a cosmic coincidence
problem as to why the universe has conspired to produce
nearly equivalent energy contents in matter and dark en-
ergy at the present time. Moreover, most quintessence
models are now ruled out [2] by the fact that the equation
of state parameter, w ≡ p/ρ is so close to -1. This implies
that there is little evidence for evolution in a quintessence
field so that a cosmological constant remains the most
likely interpretation.
Accounting for such dark energy, however, poses an un-
solved theoretical challenge. Ultimately, one would hope
that the existence of this dark energy could be accounted
for in the context of string theory or some other unified
theory. This problem is exacerbated, however, by the fact
that it appears difficult to accommodate a cosmological
constant in string theory [3], although some progress has
been made [4]. Recently, it has been proposed [5, 6] that
the observed cosmic acceleration may be an artifact of
inhomogeneities in the distribution of mass-energy. That
possibility, though compelling for its simplicity, has not
yet been established [7, 8].
Hence, in this paper, we consider it worthwhile to an-
alyze an alternative mechanism by which the observed
cosmic acceleration could be produced even without the
need to invoke dark energy and its associated complexi-
ties. Specifically, we explore models in which the cosmic
acceleration is driven [9, 10, 11, 12, 13, 14] by the flow of
dark matter from a higher dimension (the bulk) into our
three-space (the brane).
This study is also in part motivated by the currently
popular view that our universe could be a sub-manifold
embedded in a higher-dimensional space-time. This
paradigm derives from the low-energy limit of the het-
erotic M-theory [15] which becomes an 11-dimensional
supergravity compactified on a line segment to two 10-
dimensional E8×E8 gauge theories. Hence, the universe
can be envisioned as two smooth 10-dimensional mani-
folds (9-branes) embedded in a bulk dimension.
A thin three-brane (Randall-Sundrum brane) embed-
ded in a five-dimensional anti-de Sitter space AdS5 has
been proposed as a practical phenomenological model
[16] in which to explore such higher dimensional physics.
This approach poses an alternative to the standard
Kaluza-Klein (KK) compactification of extra dimensions,
through the localization of the graviton zero mode on
the brane. This brane approach also provides a new
way of understanding the hierarchy between the four-
dimensional Planck scale Mpl and the electro-weak scale
2[17, 18].
Of relevance to the present study is that in this phe-
nomenological approach, one can relax the requirement
that the gauge groups be rigorously confined to the brane.
For example, particles might be localized on a defect in
the higher dimensional space [19, 20]. The simplest ex-
ample of this would be a domain wall (brane) in (4+1)
dimensions. In such a picture, the extra (bulk) dimension
can be infinite and the observed 3-dimensional fields are
represented by zero modes of bulk fields in the domain-
wall background. These modes are localized and thus be-
have like 3-dimensional mass-less fields. In this domain-
wall scenario, physical matter fields are dynamically con-
fined to this sub-manifold, while gravity can reside in the
extra bulk dimension.
The stability of massive matter fields has been ana-
lyzed [21] in this scenario where it was shown that such
massive particles are metastable on the brane. That
is, for both scalar and fermion fields, the quasi-normal
modes are metastable states that decay into continuum
states. From the viewpoint of an observer in the 4-
dimensional space time, these massive particles appear to
propagate for some time in three spatial dimensions and
then disappear into the fifth dimension. This disappear-
ance of massive particles from the 3-brane constitutes an
energy flow from the brane to the bulk. The cosmolog-
ical constraints on such disappearing matter have been
studied in Ref. [22].
Moreover, if the massive particles can also exist in the
bulk, it becomes possible to consider the inverse flow
from the bulk into our three-brane. In this paper, we
build a model with such mass-energy exchange, in which
the flow from the bulk to the brane provides the present
observed acceleration [9, 10, 11, 12, 13, 14] of the uni-
verse. As noted in Ref. [22] a heavy (∼TeV) dark-matter
candidate such as the lightest supersymmetric partner
is likely to have the largest tunneling rate between the
brane and bulk. Moreover, a recent study [23] of energy
transfer from the bulk through parametric resonance in-
dicates that massive particles are most efficient for de-
positing energy on the brane. Hence, in the present work
we mainly consider the exchange between the bulk and
brane involving a growth of the cold dark-matter com-
ponent on the brane. This model [which we refer to as
growing cold dark matter (GCDM)] is, thus, an alterna-
tive to the standard Λ plus cold dark matter (SΛCDM)
cosmology to an observer on the 3-brane.
We test this model by analyzing the observations
of Type Ia supernovae at high redshift, the tempera-
ture fluctuation spectrum of the cosmic microwave back-
ground (CMB), and the matter power spectrum. Surpris-
ingly, all of these constraints can be satisfied in this model
even without introducing a cosmological constant on the
brane. A shocking feature of the best fit model, however,
is that the present dark-matter content becomes as much
as an order of magnitude larger than that of a SΛCDM
cosmology. The influence of this excess dark matter, how-
ever, is suppressed by the large dark-radiation component
associated with the flow of matter from the bulk dimen-
sion. In fact, this model provides a natural explanation
for the observed suppression of the CMB power spectrum
for the lowest multipoles due to the effect of the late ar-
riving dark matter on the integrated Sachs-Wolf effect.
We show here that the matter power spectrum exhibits
the correct power on large and small scales, however, a
somewhat large bias factor is required.
II. MODEL WITH ENERGY EXCHANGE
BETWEEN THE BULK AND BRANE
We begin with the five-dimensional Einstein equations
GAB = κ
2TAB, (1)
where κ2 = M−3 is the 5-dimensional gravitation con-
stant with M the 5-dimensional Planck mass.
TAB is the five-dimensional total energy-momentum
tensor. We use the index notation A,B = (0, 1, 2, 3, 5) to
clearly distinguish the bulk fifth dimension. The metric
is assumed to be of the Randall-Sundrum (RS) [16] form.
For simplicity, however, we consider a coordinate system
with a static bulk dimension and an expanding brane or
moving [24] brane. Hence, we choose a metric in Gauss-
normal coordinates
ds2 = −nˆ2(t, y)dt2 + aˆ2(t, y)γijdxidxj + dy2 , (2)
where γij is a maximally symmetric 3-metric. As an il-
lustrative model, we allow the Hubble expansion of the
brane relative to a static bulk to produce a nonzero 5-
component of the bulk fluid velocity as discussed below.
A. Energy-Momentum Tensor
When matter is present in the bulk, the evolution of
the brane is not autonomous. It becomes necessary to
explicitly define the bulk energy-momentum tensor. The
general bulk energy-momentum tensor for a perfect fluid
in this 5-dimensional space-time is,
TAB = (ρ˜+ p˜)U
AUB + δ
A
B p˜ , (3)
where ρ˜ and p˜ denote density and pressure in 4-
dimensional space. In Gaussian-normal coordinates,
however, the bulk 5th dimension is fixed so that the four
density and pressure are proportional to the three-volume
like ordinary three-space quantities. For normal matter
on the brane we denote the density and pressure as ρ
and p. In our model in which dark matter can exist both
on the brane and in the bulk we denote the dark-matter
three density and pressure on the brane as ρ¯ and p¯. Since
the density, pressure and equation of state can be differ-
ent in the bulk we denote the four density of dark matter
in the bulk as ρˆ and pˆ.
3In a frame for which the three-brane is at rest we
can decompose the energy-momentum tensor into three
parts.
TAB = δ(y)
(
TBRANEAB
)
+ TBULKAB + T
DM
AB , (4)
where the δ-function identifies the location of the brane
at y = 0 to which the standard-model particles are as-
sumed to be confined. (BRANE)TAB , corresponds to the
usual three-density and pressure, ρ and p, of ordinary
relativistic and non-relativistic particles plus the tension
τ on the brane.
(BRANE)TAB = diag(−τ − ρ,−τ + p,−τ + p,−τ + p, 0) .
(5)
The bulk is taken to beAdS5, so that the five-dimensional
cosmological constant Λ5 is negative in the bulk. Hence,
we write the vacuum energy-momentum for the bulk,
(BULK)TAB, as
(BULK)TAB = diag(−Λ5,−Λ5,−Λ5,−Λ5,−Λ5). (6)
In our model dark matter is allowed to exist both on
the brane and in the bulk. Hence, we decompose the
dark-matter energy-momentum tensor, (DM)TAB, into
the usual three-density ρ¯ and pressure p¯ of dark matter
on the brane, plus the bulk components (DM−BULK)TAB.
(DM)TAB = δ(y)diag(−ρ¯, p¯, p¯, p¯, 0) +(DM−BULK) TAB.
(7)
where,
(DM−BULK)T 05 ∼ (ρˆ+ pˆ)U5 , (8)
represents the matter-energy flow from the bulk to the
brane, while
(DM−BULK)T 55 = (ρˆ+ pˆ)U
5U5 + pˆ , (9)
represents a bulk pressure in the limit of vanishing U5.
As we shall see, the cosmology for an observer living on
the three-brane will depend upon the equation of state
(EOS) properties for matter in the bulk dimension. It is
not guaranteed, however, that matter will have the same
EOS properties in the bulk as on the brane. Inevitably,
assumptions must be made [10, 25] about the form of
the energy-momentum tensor for matter in the bulk. For
example, a bulk field [26], or radiation emitted from the
brane to the bulk [27] have been considered along with
possible thermal effects [28]. In a string theory sense,
particles in the bulk may appear as a topological defect
between two branes. For the purposes of this paper, we
adopt [9, 10] the usual parametrization of the EOS for
matter in the bulk. Scaling the bulk dark-matter density
to the present critical density ρcr on the brane, we write:
ρˆ ∝
(
ρcr
aq
)
, (10)
where a(t) is the scale factor on the brane, defined as
a(t) = aˆ(t, 0), and for a fixed bulk dimension the scaling
parameter q can be written q = 3(1+ wˆ), where wˆ = pˆ/ρˆ
is the usual equation of state parameter with, wˆ = 0 for
normal cold dark matter, while wˆ = 1/3 for relativistic
matter. A value of wˆ = −1 corresponds to a vacuum en-
ergy, while wˆ = −2/3 for a string-like topological defect.
To illustrate this cosmology we consider two models for
the motion of matter in the bulk relative to the brane.
In the Gaussian-normal coordinates, the five velocity of
matter in the static bulk with respect to the expanding
3-brane is just [29]
U5 ∝ −lH , (11)
where
l = [−6M3/Λ5]1/2 , (12)
is the bulk curvature radius [22].
As a second illustration we also consider the case of a
constant U5 component. Such a model might correspond,
for example, to gravitational accretion of matter from the
bulk toward the brane at a constant rate.
For the purposes of scaling, we parameterize the 0-5
component of the bulk dark-matter energy-momentum
tensor as
(DM−BULK)T 05 = −
α
2
(
ρcr
aq
)
×H , (13)
where we have assumed a constant transition rate of mat-
ter between the bulk and the brane absorbed into the di-
mensionless parameter α which can be either positive or
negative. For the case of constant U5 we replaceH → H0
in the above scaling, where H0 is the present Hubble pa-
rameter.
B. Accelerating Cosmologies
The cosmological equations of motion with brane-bulk
energy exchange have previously been formulated in Refs.
[9, 10, 11, 12, 13, 14]. The covariant derivative of the
energy-momentum tensor leads to the usual energy con-
servation condition for various components i of normal
matter on the brane;
ρ˙i
ρi
+ 3(1 + wi)
a˙
a
= 0 , (14)
plus a new condition for the dark matter which takes into
account the flow of matter from the brane world,
˙¯ρ
ρ¯
+ 3(1 + w¯)
a˙
a
= −T
ρ¯
, (15)
where T ≡ 2T 05 is the discontinuity of the (0,5) compo-
nent of (DM−BULK)TAB at y = 0. The (0,0) component
of the Einstein equation produces a modified Friedmann
4cosmology to an observer on the brane:
H2 =
a˙2
a2
=
8
3
piGN (ρ+ ρ¯)− k
a2
+ Λ4
+
κ4
36
(ρ+ ρ¯)2 + χ , (16)
while the (5,5) component leads to an equation for the
dark radiation term χ,
χ˙+ 4
a˙
a
(χ+
κ2
6
T 55 ) =
κ4
18
(ρ+ ρ¯+ τ) T . (17)
In Eqs. (16) and (17) the usual change variables has been
introduced:
(DM−BULK)T 55 ≡ T 55 , (18)
Λ4 ≡ (κ2/6)
[
Λ5 + (κ
2/6)τ2
]
, (19)
and
κ4τ/18 ≡ 8piGN/3 . (20)
Introducing these identities into Eq. (16) leads to the
usual Friedmann equation plus extra terms with χ and
(ρ+ ρ¯)2. This modified Friedmann equation can be nor-
malized in the usual way so that the spatial curvature
takes on values k = −1, 0, 1. In the limit of an empty
bulk and no exchange between the bulk and the brane,
T 05 = T
5
5 = 0, the quantity χ varies with scale factor
on the brane as C/a4. Thus, χ reduces to the standard
dark-radiation term when all matter fields are confined
to the brane.
Now we assume that the dark matter is cold on the
brane: p¯ = 0. First, we consider the special case T = Γρ¯.
A solution of Eq. (15) is ρ¯ = C exp (−Γt)/a3. This is
precisely the disappearing dark matter cosmology intro-
duced in our previous paper [22]. Thus, T = Γρ¯ describes
matter-energy flow from the brane into the bulk. In this
cosmology dark-matter particles can exist in both the
brane and the bulk. Hence, negative T describes a re-
verse flow from the bulk to the brane. However, in the
present paper, we only consider the inflow from the bulk
into the brane.
1. An Illustration
To see how an accelerating cosmology arises, consider
the simple example of a constant flow rate from the bulk
into the brane, i.e. T = −Σ for a positive constant Σ.
In the case of k = 0 and ρ << ρ¯, (nearly realized in the
present universe) equations (15)-(17) have a fixed point
(H∗, ρ¯∗, χ∗) governed by,
3ρ¯∗H∗ = Σ, (21)
H2
∗
=
8
3
piGN ρ¯∗ + Λ4 +
κ4
36
ρ¯∗
2 + χ∗, (22)
4H∗(χ∗ +
κ
6
T 55 ) = −
κ4
9
τΣ . (23)
The constant r.h.s. of equation (22) then is manifestly
equivalent to a cosmological-constant dominated uni-
verse.
In general, the fixed point remains even in the case of
Λ4 = 0. Thus, the present accelerating universe need
not be attributed to Λ4 at all, but could also arise from
constant bulk components of the five dimensional stress-
energy tensor, Σ = −2T 05 and T 55 . When a fluid is static,
T 55 represents a pressure, it is then natural to set the
pressure to be zero. But T 55 is in general non-vanishing
for a moving flow. Another possibility for non-vanishing
T 55 is that the dark matter in the bulk is in a vacuum
state. In this case, T 55 is a vacuum pressure, and it is
likely that Σ = 0.
C. Λ4 = 0 Accelerating cosmology
We consider two growing dark matter models of inter-
est to the present work. For the case of vanishing Λ4 and
constant U5, the evolution equations of energy densities
are rewritten as,
˙¯ρ+ 3Hρ¯ = α/aq × ρcrH0, (24)
ρ˙+ 3H(ρ+ p) = 0 , (25)
ρ˙χ + 4Hρχ = −α/aq × ρcrH0, (26)
where ρχ = χ/(8piGN/3) is the dark-radiation term
which plays the role of dark energy. For the case of
U5 = −lH , the evolution equations for the energy densi-
ties are
˙¯ρ+H
[
3ρ¯− α/aq × ρcr
]
= 0 , (27)
ρ˙+ 3H(ρ+ p) = 0 , (28)
ρ˙χ +H
[
4ρχ + α/a
q × ρcr
]
= 0 . (29)
These equations satisfy the conservation’s law on the
brane. Note, that in this latter case, the fact that ρχ < 0
means that Eq. (29) quickly evolves to ρ˙χ = 0 for the
case when q = 0. Indeed, as long as q < 3 an accel-
erating cosmology eventually emerges [10]. Hence, the
dark radiation contribution becomes constant and indis-
tinguishable from a cosmological constant.
For the Λ4 ≡ Λ = 0 accelerating cosmology of interest
here, the modified Friedmann equation for cosmic expan-
sion can be written
H2 =
(
a˙
a
)2
=
8piG
3
(ρ¯+ ρ+ ρχ) +
k
a2
. (30)
5Here we have neglected the ρ2 term. This term decays
rapidly as a−8 in the early radiation dominated epoch
and hence is insignificant for the present studies. Note,
that Eq. (30) corresponds to the limit in which T 55 ≈ 0,
and τ >> MAX(ρ, ρ¯).
Figure 1 illustrates the evolution of various compo-
nents on the brane in a simple Λ = k = 0 cosmology.
This cosmology separates into three characteristic epochs
on this figure. First, the usual early radiation dominated
epoch (a < 10−4). Second, a dark-matter dominated
epoch (10−4 < a < 10−1). Third, the dark matter and
dark radiation dominated accelerating epoch (a > 0.5).
Both of our two models for the growth rate of dark
matter are illustrated on Figure 1 for the case of q = 0,
α = 8. During the first and second epochs, the dark
radiation component for the case of constant U5 evolves
as ρDR ∝ a2−q and ρDR ∝ a3/2−q, respectively. For
the case of brane expansion into the bulk, U5 ∝ H , the
dark radiation term is initially much larger than for the
case of constant U5 and it remains at a nearly constant
value. Nevertheless, during the radiation- and matter-
dominated epochs, the dark radiation term for both mod-
els is insignificant until recent history near z ≈ 1. Hence,
this cosmology is not constrained by primordial nucle-
osynthesis. [30]
This model thus explains the smallness problem of the
apparent cosmological constant as simply due to the slow
tunneling of matter from the bulk onto the brane. The
cosmic acceleration only occurs now, because this is the
epoch for which the fixed-point solution could be ob-
tained. Moreover, in what follows we show that the fits
to observations based upon these two models are indis-
tinguishable from each other and from the best standard
SΛCDM model.
Eventually, in the third region the cosmology of inter-
est to this paper emerges. The dark radiation component
dominates. In the case of q ≈ 0 it becomes a constant
dark-energy density. Hence, the dark radiation associ-
ated with in-flowing cold dark matter leads the cosmic
acceleration without the need for a cosmological constant
on the right hand side of Eq. (30) as long as matter in
the bulk has the right equation of state.
III. OBSERVATIONAL CONSTRAINTS
Having defined the cosmology of interest we now an-
alyze the various cosmological constraints as a test of
this hypothesis by solving equations (24)-(30) numeri-
cally. In particular, we examine the magnitude-redshift
relation for type Ia supernovae (SNIa), the cosmic mi-
crowave background (CMB) and the matter power spec-
trum P (k). Parameters summarizing the best fits to
these constraints are given in Table 1 for models with and
without growing cold dark matter. The SΛCDM fits are
consistent with the usually inferred cosmological param-
eters (e.g. [2]. An important constraint on the GCDM
model is that the sum of ΩDM +ΩDR be approximately
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FIG. 1: Evolution of various energy densities as a function of
scale factor in a Λ = k = 0 growing cold-dark-matter model.
The curves labeled as ”Growing DM” shows the dark radi-
ation component. Note that the dark radiation content is
plotted as its absolute value. This quantity is actually nega-
tive in these models.
equivalent to the sum of ΩDM +ΩΛ in the standard cos-
mology. This is evidenced by the fifth column of Table
1. Note, however, that the magnitude of ΩDM and ΩDR
individually can be quite large in the GCDM model, as
long as Ωtot ≈ 1.
IV. SUPERNOVA LIKELIHOOD ANALYSIS
The apparent brightness of the Type Ia supernova
standard candle with redshift is given [31] by a simple re-
lation which we slightly modify to incorporate the brane-
world cosmology given in Eq. (30). The luminosity dis-
tance becomes,
DL =
c(1 + z)
H0
√
Ωk0
sinn
{√
Ωk0
∫ z
0
dz′[Ωγ(z
′)
+(ΩDM (z
′) + ΩB(z
′))
+Ωk0(1 + z
′)2 +ΩΛ +Ωχ(z
′)
]
−1/2}
, (31)
where H0 is the present value of the Hubble constant,
and sinn(x) = sinhx for Ωk0 > 0, sinn(x) = x, for
Ωk0 = 0 and sinn(x) = sinx for Ωk0 < 0. The Ωi are
the energy densities normalized by the current critical
density, i.e. Ωi(z) = 8piGρi(z)/3H
2
0 . Note the ΩDM has
a nontrivial redshift dependence in the present cosmology
via Eq. (15).
The look-back time t0 − t is a function of redshift be-
6comes,
t0 − t = H−10
{∫ z
0
(1 + z′)−1
[
Ωγ(z
′)
+ ΩB(z
′) + ΩDM (z
′)
+ Ωk0(1 + z
′)2 +ΩΛ +Ωχ(z
′)
]
−1/2
dz′
}
.(32)
We have found the best fits to the supernova
magnitude-redshift relation by maximizing the likelihood
functions in an effective χ2 analysis,
− 2 lnLSN = χ2eff
=
∑ (Y datai − Y calci )2
σ2i
−
(∑ Y datai − Y calci
σ2i
)2
/
∑ 1
σ2i
. (33)
where the second term corresponds to and analytic
marginalization over the absolute magnitude of the SNIa
data with a flat prior [32].
Figure 2 compares various cosmological models with
some of the recent combined data from the High-Z Super-
nova Search Team and the Supernova Cosmology Project
[1, 33, 34]. The lower figure highlights the crucial data
points at the highest redshift which constrain the red-
shift evolution during the dark-matter dominated decel-
erating phase. Shown are the K-corrected magnitudes
m =M + 5 logDL + 25 vs. redshift.
Curves are plotted relative to an open
ΩDM ,ΩB,ΩΛ,Ωχ = 0, Ωk = 1 cosmology.
The best-fit growing cold dark matter (GCDM) models
shown on this figure correspond to either the constant U5
or U5 = lH models. They are indistinguishable from each
other on this plot. Of particular interest on Figure 2 is
the fact that our best fit Λ = 0 growing cold dark matter
(GCDM) models are nearly indistinguishable from the
best fit Standard Λ+cold dark matter (SΛCDM) model.
Thus, our model realizes the present cosmic acceleration
without a cosmological constant.
This figure also illustrates an important point regard-
ing the EOS parameter for matter in the bulk dimension.
An accelerating cosmology requires that ρχ+ ρ¯ be nearly
constant. This means that no matter what the EOS for
matter when it is on the brane, A constant ρχ + ρ¯ re-
quires that q be small in Eqs. (24) to (29) for matter in
the bulk. This is illustrated by the q = 2 curve of Fig-
ure 2 which is unable to reproduce the required cosmic
acceleration. For the SNIa constraint alone, the best fit
curve from Table 1 is for q = 0.006.
V. CMB MCMC ANALYSIS
The high-resolution measurement of the spectrum of
temperature fluctuations in the cosmic microwave back-
ground (CMB) by the Wilkinson Microwave Anisotropy
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FIG. 2: Illustration of the supernovae magnitude redshift re-
lation with and without GCDM. The upper figure shows all
data set of [33]. The lower figure highlights the points with
z > 0.7 most relevant to this paper. Note, that the best fit
model is nearly indistinguishable from the SΛCDM model.
Probe (WMAP) has become one of the most stringent
tests for cosmology. The standard procedure for obtain-
ing cosmological parameters [35] is based upon Bayesian
statistics. This approach gives the posterior probabil-
ity distribution from which the optimal set of the cos-
mological parameters and their confidence levels can be
deduced. In our analysis we followed the Markov Chain
Monte Carlo (MCMC) approach [36] and explored the
likelihood in an eight dimensional parameter space con-
sisting of six WMAP standard parameters (Ωbh
2, Ωch
2,
h, zre, ns, As) plus the two brane-world parameters, α
and q.
Figure 3 shows best-fit theoretical CMB power spectra
along with the combined data set used to constrain our
models. This figure illustrates how the flow of mass-
energy exchange can modify the spectrum.
There are essentially two ways in which growing cold
dark matter models alter the CMB power spectrum.
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FIG. 3: CMB angular power spectrum with and without
GCDM compared with observational data from WMAP. The
dashed line corresponds to the best fit SΛCDM model. The
solid line shows GCDM best-fit models with the cosmological
constant equal to zero, and q = 2.92, α = 2.14. This figure
demonstrates how GCDMmodifies the CMB power spectrum.
First, GCDM means that there is less dark matter at
earlier times. This leads to a smaller amplitude of the
third acoustic peak [37]. Second, the decay of the gravi-
tational potential at late times is diminished due to the
inflow of dark matter. This leads to a smaller late in-
tegrated Sachs-Wolfe effect (LISW) and correspondingly
less power for the smallest multipoles.
The integrated Sachs-Wolf effect accounts for changes
on the CMB anisotropy due the time evolution of the
gravitational potentials as the photons travel from the
last scattering surface to us. Writing the comovingmetric
perturbations as
ds2 = a(τ)2[−(1 + 2Ψ)dτ2 + (1 + 2Φ)γijdxidxj ] (34)
For a photon in the absence of anisotropic stress Ψ = Φ
and the ISW effect on the temperature power spectrum
depends upon a simple integral over Φ˙ [38]. Include
anisotropic stress we have:
(
δT
T
)
ISW
=
∫ τ0
τlss
[
Ψ˙− Φ˙
]
dτ , (35)
where dτ = dt/a along the photon trajectory, and Φ˙ =
∂Φ/∂τ .
Figure 4 illustrates the evolution of the Ψ˙ and Φ˙ poten-
tial derivatives with scale factor. In the SΛCDM model
the gravitational potentials are rapidly decaying at late
times which causes enhanced power on the largest scales
(smallest multipoles). In the GCDM model, however, the
potentials on the largest scale are changing less. This ac-
counts for the relative suppression of CMB power for the
lowest multipoles.
For the combined SNIa and CMB data we again used
the MCMC approach in a seven dimensional parameter
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FIG. 4: Metric perturbations Ψ˙ and Φ˙ for the integrated
Sachs-Wolfe effect for the SΛCDM and GCDM models.
space (Ωbh
2, h0, ze, ns, As, α, q). It should be noted
that in the GCDM cosmology of interest here we must
treat Ωb and ΩDM as independent parameters in the SNIa
analysis contrary to the usual cosmologies. This is be-
cause the evolution of the energy densities ρb and ρDM
obey different functions of the cosmic scale factor a in
the GCDM cosmology.
These data imply a minimum in χ2 of 1659.8 for the
GCDM model without a cosmological constant, com-
pared to a value of 1661.7 obtained in the SΛCDMmodel.
Note, however, that in our model there are seven param-
eters (Ωbh
2, h0, ze, ns, As, α, q), while in the SΛCDM
model there are only six (Ωbh
2, h0, ze, ns, As, ΩΛ ).
Hence, there is no significant improvement in the reduced
χ2 per degree of freedom as evidenced in Table 1.
Although the GCDMmodel explains the apparent sup-
pression of the CMB at low multipoles, the optical depth
is rather large for the optimum fit to the CMB alone
(τ = 0.533). This is due to a degeneracy among pa-
rameters so that a slightly better fit is obtained for the
combination of a large τ offset by a smaller h and ΩDM .
In the combined fit with the SNIa data, however, h is
better constrained so that a smaller value of τ = 0.133
results. Note also, that in all of these fits a large value of
ΩDR ∼ 2−3 is obtained. This value is offset, however, by
the negative dark radiation component as discussed be-
low. The key constraint is that ΩDM+ΩDR ≈ ΩDM+ΩΛ
as evidenced in the fifth column of Table 1.
A. Matter Power Spectrum
It is straight forward to determine the galactic mat-
ter power spectrum P (k) to compare with that deduced
from large-scale structure surveys [39, 40]. For the usual
8power-law spectrum of primordial fluctuations
δ2H(k) ∝ kn−1 , (36)
a transfer function, T (k) [41] is required to convert from
the amplitude of the perturbation as wave number k
enters the horizon, to the present-day power spectrum,
P (k). Transfer functions are easily computed using the
code CMBFAST [42] for various sets of cosmological pa-
rameters.
An adequate approximate expression for the structure
power spectrum is
k3
2pi2
P (k) =
(
k
aH0
)4
T 2(k)δ2H(k) . (37)
This expression is only valid in the linear regime, which
in comoving wave number is up to approximately k<
∼
0.2 h
Mpc−1 and therefore adequate for our purposes. How-
ever, we also correct for the nonlinear evolution of the
power spectrum [43].
Here it is worth noting the way in which the power
spectrum is computed in our GCDM model. It is neces-
sary to specify the distribution of the dark matter as it
enters from the bulk dimension. It would be most gen-
eral to suppose that there are fluctuations in the bulk
mass-energy distribution just as there are in the brane.
Material entering from the bulk would then appear with
such fluctuations. However, we make the simplifying as-
sumption that the dark matter and dark radiation enter
with uniform distributions. After that, they are allowed
to evolve as non-relativistic and relativistic particles, re-
spectively, along with the already evolved structures on
the brane.
Hence, we define the matter over density as
δ =
δρeffDM + δρM
ρeffDM + ρM
(38)
where ρeffDM is the effective dark matter density as would
be deduced, for example, by the gravitational potential
of a galaxy cluster. For the GCDM model the effective
over density is
δρeffDM ≡ δρDM + δρDR (39)
and the effective gravitation mass energy density is
ρeffDM ≡ ρDM + ρDR . (40)
As usual, a bias parameter is introduced to account for
the difference between the galaxy and matter power spec-
trum,
δgalaxy = bδ . (41)
We have made a MCMC simultaneous fit to the
CMB+SNIa+P (k) data. We get the best fit parameters,
q = 0.037 and α = 8.33. Figure 5 shows a comparison
of the observed power spectrum with that of a SΛCDM
0.01 1
k (h Mpc-1)
100
10000
P(
k)
best fit SΛCDM
best fit GCDM
SDSS
2dF
FIG. 5: Comparison of the matter power spectrum calculated
in the SΛCDM cosmology with the GCDM cosmology which
best fits the CMB + SNIa + P(k) data.
model and also the GCDM model which best fits the
CMB+SNIa+P (k) data. The power spectrum derived in
the best fit growing dark matter model is almost indis-
tinguishable from a SΛCDM model until one gets to the
very largest structures for which there is no data. The
parameters associated with this model are summarized
in Table 1. In these fits the bias b is a marginalized pa-
rameter. It is perhaps of note that the bias parameter
deduced in this way is somewhat larger b = 2.1 than that
deduced in the usual SΛCDM models, b = 1.05. This de-
rives from the fact that the dark matter potentials are not
as deep at early times, and hence, galaxy formation must
be more efficient to produce the observed amplitude.
VI. CONCLUSION
We have considered models in which the apparent cos-
mological constant derives from the energy exchange of
cold dark matter from the bulk dimension to the brane.
The energy momentum tensor in this extra dimensional
brane cosmology leads naturally to terms resembling a
cosmological constant at the present time. If such en-
ergy exchange occurs our universe accelerates without the
need to invoke a cosmological constant on the 3-brane.
We find that such GCDM exchanges are consistent
with observations including the supernova magnitude-
redshift relation, temperature fluctuations in the CMB,
and the matter power-spectrum data. This cosmology is
even slightly preferred as it fits better the suppression of
the CMB power spectrum at low multipoles. We have
thus demonstrated that this cosmology represents an al-
ternative model to the SΛCDM cosmology for an observer
on the 3-brane. A consistent fit to the observational con-
straints, however, requires that the EOS parameter for
9matter in the bulk be small q ≈ 0.0. This EOS is consis-
tent with a need for an AdS5 geometry in the bulk.
A peculiar feature of the present best fit models, is the
fact that the true value of ΩDM is much larger than in
the standard cosmology, though its gravitational effect
is canceled by the dark-radiation contribution. Indeed,
the key constraint is that ΩDM + ΩDR ≈ ΩDM + ΩΛ as
evidenced in the fifth column of Table 1.
One consequence of such a large and growing dark-
matter contribution is the need for a somewhat large bias
parameter. On the other hand, such a large dark mat-
ter content suggests new observational tests of this cos-
mology. For example, if the dark-matter content at the
present time is much larger than in a SΛCDM model,
then direct terrestrial measurements of the total den-
sity of cold dark-matter particles could indicate a much
higher density than expected based upon their mass and
gravitation effect. Another test of this cosmology is that
there should be a suppression of the matter power spec-
trum on the scale of the horizon compared to a SΛCDM
cosmology. Other tests of this paradigm are that a sup-
pression of the third acoustic peak in the CMB power
spectrum occurs so that better data near l = 1000 could
help distinguish this cosmology. We also note that this
cosmology produces large oscillations in the CMB polar-
ization power spectrum so that when better polarization
data are available it should help to eliminate of confirm
this cosmology.
An amusing feature of this model stems from the re-
quirement that the present dark radiation from in-flowing
matter must cancel the effects of excess existing dark
matter. Hence, if the flow were to cease, the universe
would change to a matter-dominated ΩM ≈ 3 cosmology
which would begin to collapse in about a hubble time.
In that sense, this is a new kind of doomsday cosmology
[44].
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Fit GCDM α q Ωbh
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2
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